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COHOMOLOGICAL CONDITIONS ON ENDOMORPHISMS OF PROJECTIVE 

VARIETIES 


HOLLY KRIEGER AND PAUL RESCHKE 


Abstract. We characterize possible periodic subvarieties for surjective endomorphisms of complex 
abelian varieties in terms of the eigenvalues of the cohomological actions induced by the endomor¬ 
phisms, extending previous work in this direction by Pink and Roessler (ED. By applying our charac¬ 
terization to induced endomorphisms of Albanese varieties, we draw conclusions about the dynamics 
of surjective endomorphisms for a broad class of projective varieties. We also analyze several classes 
of surjective endomoiphisms that are distinguished by properties of their cohomological actions. 


1. Introduction 

In this note, we study the nature of periodic subvarieties for endomorphisms of smooth complex 
projective varieties. The starting point for our investigation is a theorem due to Pink and Roessler: 

Theorem 1.1 (ifTH, Theorem 2.4). Let f : A —> A be an isogeny of a complex abelian variety A, 
and suppose that no eigenvalue o//*|hio(a) is a root of unity. Suppose that V C A is a reduced and 
irreducible subvariety satisfying f(V) = V. Then V is a translate of an abelian subvariety of A. 

By the Lefschetz Fixed-Point Theorem, the eigenvalue condition in Theorem l 1.11 guarantees that 
/ has a fixed point, and therefore is conjugate by a translation to an isogeny, even iff is only assumed 
to be a surjective endomorphism (i.e., not necessarily a homomorphism). Thus the conclusion holds 
for any surjective endomorphism / satisfying the eigenvalue condition. (See 92.31 and 92.41 below.) 
We will not assume in the following that a surjective endomorphism of an abelian variety is an 
isogeny. 

We extend Theorem 1 1.1 1 to the case where f* may have eigenvalues on H l0 (A) that are roots of 
unity; here, k(V ) denotes the Kodaira dimension of any smooth birational model of a variety V: 

Theorem 1.2. Let f be a surjective endomorphism of a complex abelian variety A, and suppose 
that V C A is a reduced and irreducible subvariety satisfying f(V) — V. Then there is a reduced 
and irreducible subvariety W C V with k(W) — dim(W) = k(V), and some iterate f k , such that 
V = Stab°(V) + W and /^(Stab^V) + w) = Stab^(V) + w for every w e W. 

The proof of Theorem l 1.2l has a similar flavor to the proof of Theorem ll. ll bv Pink and Roessler: 
by Ueno ED, all subvarieties of A can be built from tori and varieties of general type; we then apply 
Kobayashi and Ochiai fl2) . which states that every rational self-map of a variety of general type 
has finite order. (See 92. II and 92.21 below.) Note that W may be singular or zero-dimensional; in 
particular, if k(V ) = 0, then V is a translate of an abelian subvariety of A. 

As a corollary of Theorem 11.21 we recover the following mild strengthening of the theorem of 
Pink and Roessler: 
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Corollary 1.3. Let f be a surjective endomorphism of a complex abelian variety A, and suppose 
that V C A is a reduced and irreducible subvariety satisfying f(V) = V. Let uj denote the number 
of root-of-unity eigenvalues of f*\ H \,o (A) with multiplicity. Then 

k(V) <uf, 

in fact, the inequality is strict except possibly if k(V) = 0. 

Suppose now that X is an arbitrary smooth complex projective variety, and that / is a surjective 
endomorphism of X. Since the Albanese variety Alb(X) is generated by the image of X under the 
Albanese map ax, f induces a surjective endomorphism F of AIWA - ); moreover, if ax(X) 4- AIWA - ), 
then ax{X) is a reduced and irreducible proper subvariety of AIWA - ) satisfying F{ax{Xj) = ax(X). 
(See 33. ll below.) So we can use Theore m l 1 .21 to draw conclusions about endomorphisms of varieties 
with non-surjective Albanese maps, as in: 

Corollary 1.4. Let X be a smooth complex projective variety with ax(X) + AIWA - ), and suppose 
that f is an infinite-order surjective endomorphism ofX. Then there is a proper positive-dimensional 
subvariety ofX that is periodic for f. 

Note that any variety X in Corollarv ll.4l must have K(axQ 0) > 0; but it will follow from the proof 
that this is not necessarily true for the periodic subvariety, so this corollary cannot be used for induc¬ 
tion. Note also that a smooth curve with a non-surjective Albanese map is necessarily hyperbolic 
and hence, by the De Franchis Theorem, does not admit any infinite-order endomorphisms. If we 
write ax(X) — B + W, where B is the stabilizer of ax(X) in AIWA - ) and W has k(W) = dim(W), then 
the periodic subvariety in Corollarv ll.4l can be taken to be the pre-image under ax of B + w for any 
w e W. (See 33.2l below.) 

We turn now to an assessment of certain classes of endomorphisms that are characterized by 
cohomological properties. 

Definition 1.5 (HU,ED). Let f be a surjective endomorphism of a projective variety X. We say 
that f is polarized if there is an ample line bundle L e Pic(A') such that f*(L) = L® q for some integer 
q > 1 . 

The study of polarized endomorphisms - and those varieties which carry them - is of particular 
interest to dynamicists. For an endomorphism / of a complex variety X, Fakhruddin 0 showed 
that the condition that / is polarized is equivalent to the existence of an embedding i : X — > P w and 
a morphism F : P w —» F N so that i o f = F o i; in the case where / is defined over a field with 
arithmetic (i.e. a number field or function field). Call and Silverman |2) showed that polarization 
implies the existence of a dynamical canonical height function on X, an important tool in arithmetic 
dynamics. 

If / is a polarized endomorphism, then the ample line bundle L satisfying f*(L) = L® q also has 
the property that f*(L) ® L 1 is ample, which leads to a generalization of the notion of polarization. 

Definition 1.6. Let f be a surjective endomorphism of a projective variety X. We say that f is 
amplified if there is a line bundle L e Pic(A') such that f* ( L) ® L 1 is ample. 

Note that the line bundle L in Definition ! 1.6l need not itself be ample in general. Suppose that / 
is an amplified endomorphism of a variety X. A theorem due to Fakhruddin 0 states that the set of 
periodic points for / is Zariski dense in X. If V is a subvariety of X satisfying f(V) = V, then the 
restriction of / to V is again amplified; so the periodic points for / include a Zariski dense subset 
of V as well. In particular, amplified endomorphisms satisfy one direction of a dynamical version 
of the Manin-Mumford conjecture; indeed, we observe that the class of endomorphisms for which 
a dynamical Manin-Mumford conjecture can be made sensible is likely to be precisely the class of 
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amplified endomorphisms. (See 33.3l and 34.1l below.) Thus the study of varieties carrying amplified 
endomorphisms is again of dynamical interest. 

Definition 1.7. Let f be a surjective endomorphism of a projective variety X with Alb(A) 4- {0}. We 
say that f is unity-free if no eigenvalue of f*\ H i.o^ X ) is a root of unity. 

Note that the condition Alb(A) 4 {0} in Definition ! 1.7l is equivalent to the condition H 1,0 (X) 4 {0} 
(so that f* has at least one eigenvalue on H l,0 (X)). (See 33. II below .) The hypothesis on / in 
Theorem o is that it is unity-free. In this case, the conclusion that / has a Zariski dense set of 
periodic points in every periodic subvariety follows from Lemma [2~4l and Proposition 12.51 below - 
without the requirement that / is amplified. (See 33.3l below.) 

Theorem ! 1.2l restricts the set of varieties which admit unity-free endomorphisms: 

Corollary 1.8. Let X be a smooth complex projective variety with a x (X) 4 Alb(X). Then X does 
not admit a unity-free endomorphism. 

Note that the Albanese map for a variety is non-trivial if it is non-surjective, so that it makes 
sense to speak of unity-free endomorphisms in this setting. Corollary 11.81 complements work by 
Dinh, Nguyen, and Truong (4J which under the same hypotheses shows that X does not admit an 
endomorphism with distinct consecutive dynamical degrees. The condition that an endomorphism 
has distinct consecutive dynamical degrees is disjoint from the condition that it is unity-free; on the 
other hand, it follows from a theorem of Serre l20l that every polarized endomorphism satisfies both 
of these conditions. (See 33.2l below. ) 

Fakhruddin 0 showed that any variety admitting a polarized endomorphism must have non¬ 
positive Kodaira dimension, and a theorem due to Kawamata tUD states than any variety whose 
Kodaira dimension is zero has a surjective Albanese map; however, there are many examples of va¬ 
rieties with negative Kodaira dimension and non-surjective Albanese maps. In particular. Corollary 
1 1.81 applies to any bundle over a variety whose Albanese map is non-surjective; in this way it is a 
generalization of the observation by S. Zhang ll23l that a ruled surface over a hyperbolic curve can¬ 
not admit a polarized endomorphism. (See 33.2l below. ) We note also that work by Nakayama and 
D.-Q. Zhang fT4l offers further characterizations of varieties admitting polarized endomorphisms. 

We show that Corollary ! 1.8l applies to amplified endomorphisms as well: 

Theorem 1.9. Let f be a surjective endomorphism of a smooth complex projective variety X with 
Alb(A) 4 {0}. If f is amplified, then it is unity-free. 

Theorem l 1 ,9l vields the following implication diagram for a surjective endomorphism of a smooth 
complex projective variety whose Albanese map is non-trivial: 

polarized => amplified => unity-free ==> infinite-order. 

None of the reverse implications in the diagram hold in general; however, we show that every 
unity-free endomorphism of an abelian surface is amplified, and we speculate that the same may be 
true on any abelian variety. (See 34.31 below .) We observe that the failure of an endomorphism to 
be amplified indicates that the endomorphism must fix the numerical equivalence class of some line 
bundle - and so is similar to the failure of an endomorphism to be unity-free. (See 34. ll below.) 

The conclusion of Corollary 1 1.81 for amplified endomorphisms is new and provides a constraint 
on the types of varieties that should constitute a natural arena for a dynamical Manin-Mumford 
conjecture. We observe that the set of varieties admitting amplified endomorphisms is strictly larger 
than the set admitting polarized endomorphisms; for example, a K3 surface may admit an amplified 
endomorphism but can never admit a polarized endomorphism. (See 34.3l below.') 

While an infinite-order endomorphism of a projective variety X need not induce an infinite-order 
endomorphism of Alb(A), every unity-free endomorphism of a projective variety X does induce a 
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unity-free endomorphism of Alb(A). To the end of better understanding the relationships between 
polarized, amplified, and unity-free endomorphisms in general, we ask: 

Question 1.10. Does an amplified (resp. polarized) endomorphism of a projective variety X with 
Alb(A) + {0} induce an amplified (resp. polarized) endomorphism of Alb(A)? 

Note that Question 1 1.1 01 has an affirmitive answer for amplified endomorphisms if it is true that 
every unity-free endomorphism of an abelian variety is amplified. 

The remainder of this paper is organized as follows: in §2, we prove Theorem II.21 and Corollary 
11.31 and we give a useful characterization of unity-free endomorphisms of abelian varieties; in §3, 
we prove Corollary 11.41 and Corollary 11.81 we present results about varieties admitting polarized 
endomorphisms, and we discuss the notion of a dynamical Manin-Mumford problem; in §4, we 
present a variety of facts about polarized, amplified, and unity-free endomorphisms and the connec¬ 
tions between them, and we prove Theorem ll.9l 

Acknowledgements. We thank Mihnea Popa, Laura DeMarco, and Ramin Takloo-Bighash for 
several useful discussions in the early stages of writing this paper. 

2. Invariant Subvarieties for Endomorphisms of Abelian Varieties 

We say that a subvariety of an abelian variety is an abelian subvariety if it is a reduced and 
irreducible group subvariety. Given a complex abelian variety A and a reduced and irreducible 
subvariety V c A, the stabilizer of V in A is the reduced (but not necessarily irreducible) group 
subvariety 

Stab A (V) = {a e A \ a + V = V} c A. 

The connected component of Stab A ( V) containing the identity is an abelian subvariety Stab® (V) c A. 
(See, e.g., ®.) Given an endomorphism / : A —> A, there is a homomorphism <pf : A — > A (which 
is an isogeny if / is surjective) and an element Tf e A such that 

f(a) = <t> f (a) + T f 

for every a e A. (See, e.g., fT3l . §11.) If f(V) = V, then 0/(Stab®(V)) c Stab®(V) (with equality if / 
is surjective). 

For a complex projective variety X, we let k(X) denote the Kodaira dimension of any smooth 
birational model of X and we say that X (whether it is smooth or not) is a variety of general type if 
k(X) = dim(A). (Compare, e.g., Il22l and ill ll , §7.) 

2.1. Characterization of Subvarieties of Abelian Varieties. 

Theorem 2.1. Let V be a reduced and irreducible subvariety of a complex abelian variety A. Then 
V — Stab® (V) + W for some reduced and irreducible subvariety W C V with k(W) = dim(W) = k(V). 

Proof Set B = Stab® (V). By the proof of Theorem 3.10 in ITT) , there is an abelian subvariety IT c A 
such that the quotient map q' : A —> A / IT gives V the structure of a fiber bundle whose base q'( V) 
has K(q'{V)) = dim (q'(V)) and whose fibers are isomorphic to IT . Since each fiber of q' is invariant 
under the action of B’ , we have B’ c B. The quotient map q : A —> A/B satisfies q~ l (q(V)) = V, 
and hence also gives V the structure of a fiber bundle (over q(V) with fibers isomorphic to IT). Since 
Stab®/£,(<?'(V)) = q'(B), q’(V ) is a fiber bundle over q(V) with fibers isomorphic to q'(B). Thus we 
must have 

dim(^'(V)) > dim(g(V)) > K{q (V)) = dim(g'(V)). 

(See, e.g., I22l .~) So dim(q ,, (B)) = 0, B’ — B. and q’ = q. 
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By the Poincare Reducibility Theorem, there is an abelian subvariety T c A such that A — B + T 
and the addition map from B x T to A is an isogeny. (See, e.g., ®.) So the restriction q : T —> A/B 
is an isogeny, and we can choose an irreducible component W c V fi T so that q : W —> q(V) is a 
finite surjective morphism. Then 

A\m(q(V)) = dim(W) > k(W) > K(q(V)) - &\m{q{V)). 

(See, e.g., (22).) Since q(W) = q(V), every w e W can be written as w = b + v for some b e B 
and v € V; likewise, every v e V can be written as v = b + w for some b e B and w e W. So 
V = B + W. □ 

2.2. Dominant Maps to Varieties of General Type. 

Theorem 2.2 t ll2ll . Theorem 1). Suppose that Y is a complex projective variety of general type and 
that X is a complex projective variety. Then there are at most finitely many dominant rational maps 
from X to Y. 

Suppose that / is a surjective endomorphism of a complex abelian variety A and that B c A is an 
abelian subvariety satisfying fq(B) = B. Then fj certainly descends to a surjective endomorphism 
of A/B and, since f(a + b) = f/(b) + f(a) for every a e A and b e B. f also descends to a surjective 
endomorphism of A/B. 

Proof of Theorem [/. 21 Set B = Stab°(V), write V -B+W as i n Theorem l2.ll let q : A —» A/B be 
the quotient map, and let f B : A/B —» A/B be the quotient of /. Then dim(r/(V / )) = K(q(V)) and f B 
is a surjective endomorphism of q(V). Thus, by Theorem l2.2l some iterate f l B is the identity map on 
q(V). So for any w e W, q(f k (y)) = f B (q(w)) = q(w ) and f k (B + w) = B + w. n 

Remark 2.3. It can be impossible to choose W in Theorem \1.2\ such that f(W ) = W (even when 
f is an isogeny): let A be an abelian surface, let C be a smooth hyperbolic cur\’e in A, and let 
f : A x A —* A x A be given by fiai.af) = (a i + af); then f(A x C) = A x C, but no subset of 
A X C that maps finitely onto C under the second projection of A X A can be preserved by f. 

2.3. Eigenvalues for Actions on First Cohomology Groups. 

Given a complex abelian variety A of dimension n, we can write A — C"/A for some rank-2/; 
lattice A c C". Then the set {dz i,..., dz n \ of holomorphic 1-forms on C" descends to a basis for 
H l [) (A). Since any translation on A induces a trivial cohomological action, any surjective endomor¬ 
phism / : A —> A satisfies /* = <//* on every cohomology group of A. Moreover, given such an 
endomorphism, there is some <f>/ e GL„(C) satisfying d>/(A) = A such that <pf is the quotient of 
<h/-so that <p*j = on // I 0 (A). 

Lemma 2.4. Let A be a complex abelian variety of dimension n with an isogeny (/> : A —» A, and 
let T = {yi,... ,y„} be the multiset of eigenvalues of f* on H l,0 (A). Suppose that B c A is an 
abelian subvariety of dimension m satisfying <p(B) — B, and let A = {<5i,... ,6 m } be the multiset of 
eigenvalues off* on H i0 (B). Then A is a submultiset ofY and the multiset of eigenvalues of f* B on 
H l0 (A/B) is T — A, where <p B : A/B —> A/B is the quotient off. 

Proof. Write A = C"/A-so that f is the quotient of some <f> e GL„(C) satisfying <1*(A) = A. Let 
7r : C" —> A be the quotient map, and let V B = /r l (B) c C". So V B is an ///-dimensional subspace, 
Afi = Vb n A c A is a sublattice of rank 2m, and A/A B is a lattice of rank 2(/; - /;;). Let q be the 
quotient map from A to A/B, let p be the quotient map from C" to C "/Vb, and let n' be the quotient 
map from C"/V b to (C n /V b)/(A/ A B ). Then q on and n' o p have the same kernel (i.e., Vb ffi A)-so 
that (C”/Vb)/(A/Ab) = A/B. Now T is the multiset of eigenvalues of <1>, V B is O-invariant, and A 
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is the multiset of eigenvalues of Moreover, O descends to a map e GL (C"/Vb) and the 
multiset of eigenvalues of f* B on H l -°(A/B) is the multiset of eigenvalues of <J>/ ; . 

Let {jq, ..., x„,} be a basis for Vg that gives cDIv^ in Jordan canonical form, and let {;q, ... ,y n -m} 
be a subset of C" whose image under p is basis for C"/Vb that gives <J) B in Jordan canonical form. 
Then {x\,... ..., y n - m } is a basis for C" with respect to which 4> is upper triangular. It follows 

that the multiset of eigenvalues of is T - A. n 

Suppose that / is a surjective endomorphism of a complex abelian variety A satisfying /(<x) = cr 
for some cr e A. Then 

</>f(a) - f(a + tr) - cr 

for every a 6 A-so that / is conjugate (by a translation) to an isogeny. Moreover, <p/(V -cr) -V-cr 
for any V c A satisfying f(V) = V. 

Proof of Corollarv U ,3\ Set B = StabJJ(V), write V - B + W as in Theorem 1 1.21 let g : A —> A/B 
be the quotient map, and let fs : A/B A/B be the quotient of /. Then f B is the identity map on 
q(W ) and hence, in particular, fixes some point cr e A/B. Thus (f> f t is the identity map on q( W) - cr, 
and hence also on the abelian subvariety T c A/B generated by q(W) - cr. (See, e.g., (3j, §8.) It 
then follows from Lemma 12.41 that the number of eigenvalues (counting multiplicity) of ( f k )* on 
H X -°(A) that are equal to one is at least dim(T), which is at least d\m(q(W)) = k(V). Moreover, if 
dim (q(W)) 4- 0, then dim(T) must be strictly larger than d\m(q( W)). The proof is concluded by the 
observation that the multiset of eigenvalues of (/*)* on ll LI> (A ) is exactly the set of all Ar-th powers 
of elements in the multiset of eigenvalues of /* on H l ’°(A). □ 

2.4. Unity-Free Endomorphisms of Abelian Varieties. 

The cohomology ring H*(A, Z) of any complex abelian variety A is generated (via the cup prod¬ 
uct) by H l (A, Z). If / is a surjective endomorphism of a complex abelian variety A, then the pull¬ 
back action /* respects the cup product-so that, in particular, the Lefschetz number for / is 

Yj (-l)' Tr(/* : H'(A,Z) —> i/'(A,Z)) = ]~[ d " yj)d - 7]), 

0<i<2 dim(A) 1 < y^dimCA) 

where {yi, ... ,ydim(A)} is the multiset of eigenvalues of /* on // 10 (A); it then follows from the 
Lefschetz Fixed-Point Theorem that / has a fixed point if it is unity-free. (Compare l23l . §2.1.) 
Thus any unity-free surjective endomorphism of a complex abelian variety can, without loss of 
generality, be viewed as an isogeny. 

Given a complex abelian variety A, we let Tors(A) denote the set of torsion points on A. Given 
an endomorphism / of a complex projective variety X, we let Preper(/) denote the set of points 
on X that are preperiodic for /. If / : A —> A is an isogeny of a complex abelian variety A, then 
Tors(A) c Preper(/): for any m e IT, {a e A \ ma = 0} is finite and preserved by /. The following 
result gives a useful characterization of unity-free endomorphisms of abelian varieties. 

Proposition 2.5. Let f : A —» A be an isogeny of a complex abelian variety A. Then the following 
three conditions are equivalent: 

1) Preper(/) 4 Tors(A); 

2) there is a positive-dimensional abelian subvariety of A that is pointwise fixed by some iterate 
f k ; and 

3) there is an eigenvalue of f* on H I,0 (A) that is a root of unity. 

Proof. (1 => 2) If Preper(/) 4 Tors(A), then there is a nontorsion point P e A satisfying a preperiodic 
relation; i.e., there exists m > n e No such that f'”(P) = f n (P). Since / is an isogeny, any iterate 
f k (P) is also nontorsion; so, without loss of generality, we can take P to be periodic and set n = 0. 
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Since {a 6 A : f k (a ) = a) is a group subvariety of A containing mP for any m e Z, it must contain 
some positive-dimensional abelian subvariety of A that is pointwise fixed by f k . 

(2 => 3) If f k pointwise fixes some positive-dimensional abelian subvariety K c A, then the 
eigenvalues of (J k )* on /l LI] (K) must all be one. So it follows from Lemma l2Al that the eigenvalues 
of /* on H 10 (A) must include a root of unity. 

(3 => 1) Write A = C dim(A) /A -so that / is the quotient of some F e GLdi m (A)(C) satisfying 
F( A) = A. If some eigenvalue of /* on H 1,0 (A) is a root of unity, then 1 is an eigenvalue of some 
iterate (f*) k on // 10 (A)-and hence also of F k . Let (g;/)i<;,,<dim(A) be a matrix representation of F k as 
a linear self-map on c dlm(A \ Under the natural identification of C dlm(A) with R 2dlm W via 

zi - xi + iyi i-> (x t ,yi), 

this matrix represention of F k becomes 

( K ( g , j ) -3fey) \ 
l 3 fey) K(g u ) 

Taking (gij)i<i,j<dim(A) in Iordan canonical form shows immediately that 1 is an eigenvalue of F k 
on R 2dlm(A) -and hence also on Span,Q,(A). So F k pointwise fixes some non-trivial linear subspace 
V c Span-(A), and f k pointwise fixes the non-trivial (real) subtorus T c A corresponding to the 
closure of V in ji 2dlnl <- 4) . Thus Proper! T) contains all of T, including its nontorsion points. □ 

Remark 2.6. In Theorem U . 1\ the hypothesis that f is an isogeny actually leads to a stronger con¬ 
clusion, via an application of Proposition 12,51 set B = Stab d (V), write V = B + w as in Theorem U. 2\ 
with w e A a point, let q : A —> A/ B be the quotient map, and let fs : A/ B —> A/ B be the quotient 
of f; then, since fg is an isogeny and fg(q(w)) = q(w), q(w) must be an element o/Tors(A/B); thus 
w can be taken to be an element o/Tors(A)-so that V is in fact a torsion translate of an abelian 
subvariety. 


3. Induced Maps on Albanese Varieties 

Given a smooth complex projective variety X, we let Alb(V) denote the Albanese variety for X 
and we let ax denote the Albanese map from X to Alb(X). 

3.1. Functorial Properties of Albanese Maps. 

Any endomorphism / of a smooth complex projective variety X induces a map F : Alb(A) —> 
Alb(X) satisfying F o ax - ax °./; moreover, since a x gives an isomorphism from ll LI] (A\b(X)) to 
H l 0 (X), the pull-back action F* on H k(] {A\b(Xy) is conjugate to the pull-back action /* on H 1 ’°(X). 
(See, e.g., §3.3.) The universal property of Albanese varieties states that any morphism from X 

to a complex abelian variety must factor through a^-so that, in particular, (r x (X) cannot be contained 
in a translate of a proper abelian subvariety of A. (See, e.g., (TJ, §1.13.) So F must be surjective if / 
is surjective. 

Suppose now that a x (X) 4- Alb(A) and that / is surjective. Then Theorem ll.2l shows that 

a x (X) = Stab° lb(X) (a x (A)) + W 

for some variety W c Alb(X) of general type, and that there is an iterate F k that satisfies 

T*(Stab“ lbw (crv(A)) + w ) = Stab° lb(X) (a x (A)) + w 

for every w e W. Moreover, the universal property of Albanese varieties implies that K(a x (X)) > 0, 
and hence also that k(W) > 0. 
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3.2. Endomorphisms of Varieties with Non-Surjective Albanese Maps. 

Proof of Corollarv \1.4\ Set B = Stab^ ]b(X) (ax(2Q), write a x (X) — B + W as in Theorem ll.2l and let 
F : AlbfA - ) —> Alb(X) be the map induced by /. Since dim(W) > 0 and F k (B + w) = B + w for any 
w 6 W, the pre-image of B + w satisfies aj^(B + w) 4 X and 

f k {a~x(B + w)) = a x (B + w) 

for any w € W. If dim(B) > 0 then af} (B + tv) is a proper positive-dimensional subvariety of X for 
any tv € W. 

Suppose that dim(B) = 0. If it were the case that d\m( afijiB + tv)) = 0 for some tv e W, then 
ax ■ X —> a x (X) would necessarily be a generically finite map; but then X would necessarily have 
the same dimension as a x (X ) and hence (as in the argument that VV is a variety of general type in the 
proof of Theorem [2j} would be a variety of general type-which, by Theorem 12.21 contradicts the 
assumption that X admits an infite-order surjective endomorphism. So a x UB + tv) is still a proper 
positive-dimensional subvariety of X for any tv e W. □ 

Proof of Corollan/ U ,8\ Since K(a x (X)) > 0, Corollary 1 1 .31 s h o w s that no endomorphism of Alb(V) 
that is induced by a surjective endomorphism of X can be unity-free. So no surjective endomorphism 
of X can be unity-free. □ 

Theorem 3.1 ((20), Theoreme 1). Suppose that f is a polarized endomorphism of a smooth complex 
projective variety X of dimension n and that, in particular, f*L = L® q for some ample L e Pic(A) 
and q e N — {1}. Then, for every j e {0,..., 2 n }, the magnitude of every eigenvalue of f* on H J (X, Z) 
is qj /2 . 

It is clear from Theorem [3T] that a polarized endomorphism must be unity-free if it occurs on a 
variety whose Albanese map is non-trivial - and hence cannot occur on a variety whose Albanese 
map is non-surjective. For a surjective endomorphism / of a smooth complex projective variety X , 
the y'-th dynamical degree of / is 

Aff) = p(f : H 2 \X, Z) -» H 2 HX, Z)), 

where p denotes the spectral radius. It is again clear from Theorem 13. II that polarized endomor¬ 
phisms are excluded (because they have distinct consecutive dynamical degrees) from varieties with 
non-surjective Albanese maps by the following result. 

Theorem 3.2 (0), Corollary 1 .4). Let f be a surjective endomorphism of a smooth complex pro¬ 
jective variety X of dimension n, and suppose that a x (X ) 4 Alb(A). Then there is an integer 
j € {0,..., n — 1} such that Aj(f) = 

We remark that Theorem 13.21 is independent from Corollary 11.81 that is, there exist endomor¬ 
phisms which are not unity-free but have distinct dynamical degrees, and there exist endomorphisms 
which are unity-free but do not have distinct dynamical degrees. An example of the former is sim¬ 
ply the multiplication map [2] x [1] on £ x E for any elliptic curve E. On the other hand, the 
automorphism (among others) ofExExExE given by 

(e 1 ,e 2 ,e 3 ,e 4 ) (e 2 ,e 3 ,e 4 , -e, + 3e 2 + 4e 3 + 3<? 4 ) 

is unity-free but does not have distinct consecutive dynamical degrees. (See also ED.) 

The constraint on varieties admitting polarized endomorphisms provided by Corollary [T78] com¬ 
plements the following characterization. 

Theorem 3.3 (0, Theorem 4.2). Let X be a smooth complex projective variety admitting a po¬ 
larized endomorphism, and suppose that k(X) > 0. Then there is an abelian variety A and a finite 
surjective map n : A —> X. 
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Since the Kodaira dimension of any abelian variety is zero, it follows from Theorem l3.3l that the 
Kodaira dimension of any smooth complex projective variety admitting a polarized endomorphism 
must be non-positive. Corollarv ll.8l addresses the case of a smooth complex projective variety with 
negative Kodaira dimension and a non-surjective Albanese map. For example, if X —» Y is a fiber 
bundle whose fibers have negative Kodaira dimension and whose base satisfies ay(Y) 4 Alb(T), 
then k(X) < 0 and (by the universal property of Albanese varieties) ax(X) 4 Alb(3Q. 

3.3. Implications for a Dynamical Manin-Mumford Conjecture. The Manin-Mumford Conjec¬ 
ture (proved by Raynaud) states that a reduced and irreducible subvariety V c A of a complex 
abelian variety A is a torsion translate of an abelian subvariety if and only if V n Tors(A) is Zariski 
dense in V. (See, e.g., ED and 0 .) The following conjecture (now known to be false) is a first 
attempt to transport this idea to dynamical systems. 

Conjecture 3.4 ( Il23l . Conjecture 1.2.1), Let f be a polarized endomorphism of a smooth complex 
projective variety X, and let Y C X be a reduced and irreducible subvariety. Then Y is preperiodic 
for f if and only ifYCi Preper(/) is Zariski dense in Y. 

When X is an abelian variety, Proposition l2.5l constrains the subvarieties Y which could disprove 
Conjecture 13.41 by containing Zariski dense sets of preperiodic points without themselves being 
preperiodic: since, by Theorem l3.ll / is unity-free, it follows from Proposition ^.5l that Preper(/) = 
Tors(A); thus, by the Manin-Mumford Conjecture, any reduced and irreducible subvariety Y c X 
with Y n Preper(/) Zariski dense in Y must be a torsion translate of an abelian subvariety of X. 
We note below that Coniecture l3.4l does in fact fail in this direction-and the main counterexamples 
are indeed torsion translates of abelian subvarieties which are not preperiodic. As for the converse 
direction of Conjecture 13.41 the following results show that it is true when X is an abelian variety 
even when the requirement that / be polarized is relaxed to require only that / be unity-free. 

Proposition 3.5. Let f : A —> A be a unity-free isogeny of a complex abelian variety A, and suppose 
that V C A is a reduced and irreducible subvariety that is preperiodic for f. Then V n Preper(/) is 
Zariski dense in V. Moreover, V is a torsion translate of an abelian subvariety of A. 

Proof There are iterates f k ' and f kl such that f kl (f kl (V)) = f kl (V). Since f k ' is a unity-free 
isogeny. Remark [2~6l shows that f kl (V) must be a torsion translate of an abelian subvariety of A. 
So, by the Manin-Mumford Conjecture, the set P = f kl (V) n Tors(A) must be Zariski dense in 
f kl (V). Then (f k ' )~ x (P) Pi V is Zariski dense in V and consists entirely of points in Preper(/). Since 
Preper(/) = Tors(A), V must itself be a torsion translate of an abelian subvariety of A. n 

If V (with dim(V) > 0) is periodic, so fixed by some iterate f k , in Proposition 13.51 then f k \y is 
again a unity-free isogeny: there is some r e V D Tors(A) that is fixed by some iterate f k with k\k'\ 
so V' = V - t is an abelian subvariety of A satisfying f k '( V r ) = V'\ it follows from Lemma [2. 4 1 
that f k ' is unity-free on V'\ finally, since f k '\v is conjugate to f k '\v, f k ' (and hence also f k ) must be 
unity-free on V. By the following result, we conclude that V in fact contains a Zariski dense set of 
periodic points. 

Proposition 3.6. Let f : A —> A he a unity-free isogeny of a complex abelian variety A. Then the 
set of periodic points for f is Zariski dense in A. 

Proof Let B c A be the Zariski closure of the periodic points for /, and let B° be an irreducible 
component of B containing the identity. Since f(B) = B, every irreducible component of B is 
preperiodic, and hence is a torsion translate of an abelian subvariety of A. If B' is an irreducible 
component of B containing the identity, then every point of the form r + r' with t e B° periodic 
and t' e B' periodic is also periodic and the set of all such points is Zariski dense in if + B'\ so 
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B' = B°. Since the identity is a fixed point for /, it follows that f(B°) = B°. If B' is any irreducible 
component of B and r' e B' is periodic, then B' - t' is contained in B°. Let q : A —» A/B° be the 
quotient map, and let f B : A/B° —» A/ B° be the quotient of /. So the image of B in A/B° is a finite 
set of points. If cr e A/B° is periodic for f B , then the orbit of q~ x (cr) is finite under / and some 
component of q^ l (cr) is periodic under /; so q~ l (cr) n B + 0 and cr is in the image of B. Thus (by 
Lemma [2~4l f B is a unity-free isogeny with only finitely many periodic points if dim(A/B°) > 0, 
which cannot happen. So B° = A. n 

As shown by Ghioca, Tucker, and Zhang 0, counterexamples to Conjecture 13.41 can be con¬ 
structed on an abelian surface of the form E x E, where E is an elliptic curve with complex multi¬ 
plication: an endomorphism given by coordinate-wise multiplication by distinct elements of EndlE) 
with the same magnitude will always be polarized, but may give the diagonal in E x E an infinite 
orbit; on the other hand, the diagonal in£x£ will always contain infinitely many torsion points, 
all of which must be preperiodic for the endomorphism. For additional details, see 0, §2. Many 
similar examples can also be constructed on higher-dimensional abelian varieties; see l fl6l . All of 
the known counterexamples to Conjecture 13.41 come from this type of construction, and attempts 
have been made to modify Conjecture 13.41 to accommodate these examples. Ghioca, Tucker, and 
Zhang offer the following modification: 

Conjecture 3.7 (0). Let X be a projective variety, f : X —> X a polarized endomorphism defined 
over C, and Y a subvariety with no component contained in the singular part of X. Then Y is 
preperiodic under f if and only if there exists a subset of smooth preperiodic points x e Y which are 
Zariski dense in Y, such that the tangent subspace ofY at x is preperiodic under the induced action 
of f on the Grassmanian Gr < n m (Y)(T x ,f). 

In 0, Conjecture 13. 7l is verified for group endomorphisms of abelian varieties, and for the case 
X = P 1 x P 1 , Y a line, and / a product map. It is worth noting that the tangent space condition is 
essentially used only to eliminate counterexamples of the form mentioned above, though they can 
appear subtly in the form of Lattes maps. 

Remark 3.8. In light of Prop o sit ions I.?. 5| an d \3.6\ it is natural to ask if the assumption in Conjecture 
\3.4\ that f is polarized should be replaced by the assumption that f is unity-free (along with whatever 
other changes are made to account for the known counterexamples). However, outside the realm of 
abelian varieties, a unity-free endomorphism can fail to have a Zariski dense set of preperiodic 
points: the endomorphism of P 1 X E (where E is an elliptic cur\>e) given by 

([xo : xi],e) t-» ([2x 0 : xi],2<?) 

is unity-free, but has all of its preperiodic points contained in {[0,1 ], [ 1,0]} X E. Moreover, it is 
possible in general for a unity-free endomorphism to have an invariant subvariety on which the 
restriction is not unity-free. 

4. COHOMOLOGICAL PROPERTIES OF ENDOMORPHISMS 

4.1. Properties of Polarized and Amplified Endomorphisms. We place the cohomological con¬ 
ditions of the above theorems into context among other endomorphisms of projective varieties. 

Proposition 4.1. Let X be a smooth projective variety over C, and <l> : X —> X a surjective endo¬ 
morphism. The following hold: 

(1) If f is polarized (resp. amplified or unity-free), f k is polarized (resp. amplified or unity- 
free) for all k > 1. 
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(2) If f is polarized (resp. amplified) and Y is a closed subvariety of X satisfying f(Y) = Y, 
then f |y is polarized (resp. amplified). 

(3) If f is amplified, each set of the form {j 6 X : f m (x) — f"(x)\ for m > n > 0 is a finite set. 

Proof. The first two statements are easily checked, since the restriction of an ample divisor to a 
closed subvariety is ample, and restriction commutes with the action of /*. For the third, note that 
if m > n > 0 and {x e X : f m (x) = f"(x)} is not finite, then it is a closed, positive-dimensional 
subvariety Y of X, and Z = /"(F) is pointwise-fixed by /'" ". Since / is amplified, g /"' " \ z 
is amplified, so there exists a line bundle L on Z such that g*(L) ® L 1 is ample. However, g acts 
trivially on Z; so we conclude that the trivial bundle on Z is ample, a contradiction. n 

When an endomorphism / is not amplified, there is an immediate consequence for the action of 
/* on the Neron-Severi group NS(X): since the linear transformation f* - ID cannot be surjective 
on NS(X)q (as it must miss the ample cone), 1 must be an eigenvalue of /* on NS(X)q; so there 
must be some line bundle in Pic(X) has numerical equivalence class is fixed by /*. 

As discussed in 33.31 the simplest proposed version of a dynamical Manin-Mumford conjecture 
was proven to be false in j7), and an alternate conjecture proposed. Both versions include the strong 
hypothesis that the endomorphism / : X —» X be polarized. However, for the direction of the 
conjecture which is true, this hypothesis is unnecessarily strong, as was shown by Fakhruddin. 

Theorem 4.2 ({5]). Let X be a projective variety over an algebraically closed field, and f : X —> X 
a dominant amplified morphism. Then the subset ofX consisting of periodic points is Zariski dense 
in X. 

As noted in Re mark [Oil unity-free endomorphisms are likely not the right setting for a dynamical 
Manin-Mumford conjecture; however, Fakhruddin’s theorem gives hope that a dynamical Manin- 
Mumford conjecture may hold in the much broader setting of amplified endomorphisms. 

4.2. The Implication Diagram for Varieties with Non-Trivial Albanese Maps. 

Proof of Theorem U .91 Suppose Visa smooth complex projective variety with non-trivial Albanese, 
/ : X —» X is a dominant, amplified endomorphism, and / is not unity-free. By Pronosition l4.il 
these conditions will hold for any iterate of / as well. By Theorem l4.21 some iterate of / has a fixed 
point. Replacing / by this iterate, / has a fixed point, and so the Albanese map can be chosen so 
that the induced map F : Alb(Z) —> Alb(A) is an isogeny. 

Since / is not unity-free, F is not unity-free. By Proposition 12.51 Alb(X) contains a positive¬ 
dimensional abelian subvariety T which is pointwise fixed by some iterate of /. Replace / by an 
iterate to assume T is pointwise fixed by F. Since a x '■ X —> Alb(X) has image which generates 
Alb(X) as a group, there exists a positive integer M such that the map 

a M : X x2M —> Alb(X) 

given by 

a M (x \,..., x 2M ) := a x (xf) + • • • + a x (x M ) - a x (x M +\) - a x (x 2 M) 

satisfies T c <xm(X). Let f 2 M '■ X x2M —> X x2M denote the coordinate-wise application of / to X x2M . 
Since / is amplified, there exists a line bundle L e Pic(X) with f*(L) <8> L 1 ample; then f 2 M is 
amplified with respect to the bundle 7T* (L) ® ■ ■ ■ ® n* M (L), where ttj is the usual projection to the 
/ 1 h coordinate. By definition, f 2 M fixes the fiber S, over any point t e 7’; since f 2 M is amplified, 
Pronosition l4.1 l and Theorem l4.2l imnlv that each fiber S , contains a Zariski dense subset of periodic 
points. Since there are uncountably many such fibers, there must be some positive integer N such that 
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infinitely many points in X x2M have exact period N. Therefore X /2M contains a positive-dimensional 
subvariety which is pointwise fixed by ff M , which is a contradiction by Pronosition l4.il □ 

4.3. Converse Directions in the Implication Diagram. We now make some remarks on the rel¬ 
ative strengths of the various types of endomorphisms defined throughout. By Theorem 1 1.91 we 
have the following diagram for any endomorphism of a smooth complex projective variety X with 
non-trivial Albanese: 

polarized => amplified => unity-free => infinite-order. 

In general, none of the reverse implications are true; we provide examples from the right-hand 
side of the diagram to the left. By Proposition 12. 51 the product of any infinite-order endomorphism 
on an abelian variety A with the identity map id A will have infinite-order, but not be unity-free. By 
Remark l3T8l there exist unity-free endomorphisms whose periodic points are contained in a proper 
subvariety; by Theorem l4.2l such an endomorphism cannot be amplified. Finally, consider the map 
/ := [2] x [3] on the product E x E of an elliptic curve E. The eigenvalues of /* on H l,l (E x E) are 
4, 6 , and 9. So, by Theorem l3.ll / is not polarized; on the other hand, since 1 is not an eigenvalue 
of /* on NS(2Q, <p is amplified. 

Note that the above counterexamples to the reverse implications were given for abelian varieties, 
except for the unity-free, non-amplified example. Additionally, these counterexamples could occur 
in all dimensions > 2. It is perhaps surprising then that for abelian surfaces, unity-free does imply 
amplified. 

Proposition 4.3. Let f be a surjective endomorphism of an abelian surface X which is not amplified. 
Then f is not unity-free. 

Proof. Let y\ and 72 be the eigenvalues of /* on H l,0 (X). Then the eigenvalues of /* on H 0 ] (X) 
are y7 and 72 , and the eigenvalues of /* on H 1,l (X) are |yi| 2 , 7172 , 7172 , and I 72 I 2 . Since / is not 
amplified, 1 is an eigenvalue of /* on H [ [ (X). 

If lyil = 1, then yj l is a Galois conjugate of 71 . So the minimal polynomial for 71 , which is a 
factor in the characteristic polynomial for /* on H 1 ( X , Z), is reciprocal-and hence has constant term 
1. If 72 is a Galois conjugate of 71 , then so is y^'-which forces I 72 I = 1. So, whether or not 72 is a 
Galois conjugate of 71, it follows from Rronecker’s theorem that the minimal polynomial for 71 is 
cyclotomic. (A similar argument applies if I 72 I = 1.) 

If |yil + 1 and I72I + 1 , then 7172 = 7172 = 1 - So the topological degree of /-that is, the eigen¬ 
value of /* on // 4 (X)-is 71727172 = 1 ; thus / is an automorphism. Since I72I = I71 1 —1 + 1 , / has 
positive entropy. Since the signature of the intersection form on H l A (X) is ( 1 , 3 ) and the signature of 
the subspace of H ],l (X) generated by the eigenvectors for |yi| 2 and I72I 2 is ( 1 , 1 ). the eigenspace for 
the eigenvalue 1 must be negative definite. So any periodic curve for / would necessarily have neg¬ 
ative self-intersection, and hence by the adjunction formula would necessarily be a rational curve; 
but abelian varieties cannot contain rational curves. Thus / has no periodic curves, and Lemma [ 4 ~ 4 l 
below contradicts the assumption that / is not amplified. □ 

Lemma 4.4. Let f be an automorphism with positive entropy of a smooth complex projective surface 
X. If f has no periodic curves, then f is amplified. 

Proof. (See 03 for details.) The entropy of / is log/1) for some Salem number A. There is a 
sublattice NS ( X)' < NS ( X ) such that /* preserves NS ( X)' and the characteristic polynomial here 
is the minimal polynomial for A. So, in particular, /* - ID is surjective on NS (X)'. Since / has no 
periodic curves, NS (X)' contains classes of ample line bundles. □ 
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The proof given of Proposition 14.31 intrinsically uses the well-understood intersection theory of 
abelian surfaces. However, in light of Proposition 13.61 it seems possible that all unity-free en- 
domorphisms of an abelian variety are amplified; we leave the question for the reader and future 
exploration. 

Lemma l4~4l shows that the types of varieties admitting polarized endomorphisms are more re¬ 
stricted than those admitting amplified endomorphisms. Indeed, there are many examples of K3 
surface automorphisms with positive entropy and no periodic curves. On the other hand, a K3 sur¬ 
face can never admit a polarized endomorphism. (See, e.g., 0.) 
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